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Abstract
We use Brownian dynamics to show: For an isolated polymer coil, the Kirkwood-Riseman model for
chain motion is qualitatively correct. The Rouse model for chain motion is qualitatively incorrect. The
models are qualitatively different. Kirkwood and Riseman say polymer coils in a shear field perform whole-
body rotation; in the Rouse model rotation does not occur. Our simulations demonstrate that in shear flow:
Polymer coils rotate. Rouse modes are cross-correlated. The amplitudes and relaxation rates of Rouse
modes depend on the shear rate. Rouse’s calculation only refers to a polymer coil in a quiescent fluid, its
application to a polymer coil undergoing shear being invalid.
PACS numbers: 83.80.Rs,66.10.cg,66.30.hk,83.86.Hf
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I. INTRODUCTION
Seven decades ago, Kirkwood and Riseman[1], Rouse[2], and Zimm[3] advanced simple,
seemingly transparent models for the dynamics of dilute polymers in solution. A particular fo-
cus of their models was a calculation of the polymeric contribution to a solution’s viscosity. The
models were similar in that each approximated a polymer coil as a series of hydrodynamically
active points (”beads”) held together by hydrodynamically inert connectors (”springs”).
Here the similarity between the models ends. As is not uniformly recognized, the Kirkwood-
Riseman and Rouse-Zimm models give entirely contradictory descriptions of polymer dynamics.
In the Rouse and Zimm models, the connectors (”springs”) between the beads create Hooke’s-law
restoring forces that pull the beads together. Thermal fluctuations in the solvent create random
forces on the polymer beads, tending on the average to drive the beads apart. The competition
between the spring and thermal forces determines the size of a polymer coil. Rouse-Zimm polymer
coils can translate; all other bead motions are described by internal modes in which the relative
positions of the beads change. These internal modes are, in the Rouse-Zimm picture, responsible
for the polymer coil’s contribution to the viscosity.
In contrast, in the Kirkwood-Riseman model, the dynamics of a polymer coil are approximated
as comprising uniform translation and whole-body rotation. The distances between polymer beads
are fixed at their average values; within the Kirkwood-Riseman model the distances between pairs
of beads do not change with time. According to Kirkwood and Riseman, the dominant contribution
to a polymer’s intrinsic viscosity arises from whole-body rotation. While Kirkwood and Riseman
recognized that polymer beads can move with respect to each other, within their model these
internal motions were neglected.
Many experimental aspects of polymer dynamics are described by the Rouse and Zimmmodels.
However, there does not appear to have been an equivalent effort to test experiment against the
Kirkwood-Riseman model, so there is no basis for proposing that experiment favors the Rouse-
Zimm model over the Kirkwood-Riseman model.
The objective of this paper is to present a simulational test of the predictions of the Rouse and
Kirkwood-Riseman models. We actually advance beyond the approximations of Kirkwood and
Riseman’s model, by including the fluctuations in bead positions that they neglected. We employ
a wider range of computational diagnostics than has sometimes been used in the past to interpret
polymer dynamics. In particular, we ask whether or not a chain in a shear field is rotating. We ask
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if fluctuations in Rouse mode amplitudes are cross-correlated, and if Rouse mode amplitudes or
relaxation rates depend on the rate of the applied shear.
The following Section of this paper outlines salient features of the Rouse and Kirkwood-
Riseman models. A further Section describes our simulation procedures, including the physical
quantities that we calculated. We then outline our major results, revealing the relative validities of
the Rouse and Kirkwood-Riseman models as ttreatments of polymer dynamics during a rheologi-
cal experiment. Conclusions are presented. To anticipate our results, we show that Kirkwood and
Riseman were correct, and Rouse was incorrect.
II. ROUSE AND KIRKWOOD-RISEMAN MODELS
This section present aspects of the Rouse[2] and Kirkwood-Riseman[1] models. We begin with
the more familiar Rouse model, and then consider the Kirkwood-Riseman model.
Rouse’s original treatment was quite involved. As is often the case with novel theoretical re-
sults, as time advances the key aspects of the calculation are abstracted from the original structure.
The presentation of Doi and Edwards[7] and the more extended development by Padding[8] are
followed here. The Rouse model describes an isolated polymer in a solvent. The polymer is ap-
proximated as a line of N beads, each linked to the next by a springlike connector. The bead
positions are denoted (R1,R2, . . .RN). The beads are points having no excluded volume; they
are all free to move with respect to each other. Each bead has a hydrodynamic drag coefficient f .
The connectors do not interact with the solvent.
The strength of the connectors is determined by the Gaussian statistics that describe the shape
of a random-walk polymer coil. In Rouse’s model, each bead represents some substantial number
of monomers. The distance along the polymer chain from each bead to the next is sufficiently
large that the bead-bead distances ri,i+1 = |Ri+1 −Ri| have Gaussian distributions P (ri,i+1) ∼
exp(−αr2i,i+1).
Rouse implicitly explains that for each statistico-mechanical distribution function P (rij), there
is a corresponding potential of average forceW (rij), namely
W (rij) = −kBT ln(P (rij)). (1)
Here kB is Boltzmann’s constant and T is the absolute temperature. The potential of average force
gives the average force between two adjoining beads that are a distance rij apart.
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The calculations here use Rouse’s original potential of average force
W (rij) =
1
2
kr2ij, (2)
for two beads i and j that adjoin along the polymer chain. In Rouse’s model the force constant k
is determined by the mean-square bead separation b, namely
k =
3kBT
b2
. (3)
It is possible to use considerably more sophisticated forms for the potential energy of the polymer
chain. Note, for example, work of Tsalikis, et al.[4], Perez-Aparicio, et al.[5], and Kalathi, et
al.[6]. The objective here is to test the Rouse and Kirkwood-Riseman models. To test the Rouse
model, we must use Rouse’s potential. The Kirkwood-Riseman model specifies only average
interbead vectors, and does not invoke a particular form for the interbead potential energy.
In the original Rouse model, a bead i was also subject to a thermal force Fi(t) due to fluc-
tuations in the solvent. Hydrodynamic interactions between beads, and correlations between the
thermal forces on different beads, were neglected in the Rouse model but included in the elsewise-
similar Zimm model.
We can now write the equations of motion – Newton’s second law – for each bead of the Rouse
model. The drag force on each bead is large. On the time scales of interest bead motions are
massively overdamped. Bead inertia is therefore neglected. If bead inertia vanishes, the total force
on each bead must also vanish. The direct forces (the spring forces) on each bead must therefore
cancel the hydrodynamic forces. The equations of motion for beads other than the two end beads
(beads 1 and N) are then
f
dRi
dt
= −k(2Ri −Ri−1 −Ri+1) + Fi(t), (4)
while for the first and last beads in the chain one has
f
dR1
dt
= −k(R1 −R2) + F1(t), (5)
and
f
dRN
dt
= −k(RN −RN−1) + FN(t). (6)
It is generally the case that the bead positions Ri are not all equal to each other. As a result, the
spring forces on individual beads are not zero, so the beads must be moving with respect to the
solvent to create the countervailing hydrodynamic forces.
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The above are vector equations. They correspond to a total of 3N scalar equations describing
bead motions. The direction cosine for the x-component of the force between beads i and i+ 1 is
(xi+1 − xi)/|Ri+1 −Ri|; corresponding forms give the y and z direction cosines for each force
vector. The N vector equations given above therefore correspond to 3N scalar equations such as
f
dxi
dt
= −k(2xi − xi−1 − xi+1) + Fxi, (7)
xi being the x-component of the bead coordinate of bead i and Fxi being the x component of
the thermal force on bead i. As explained by Rouse in his original paper, the equations for the x
coordinates, for the y coordinates, and for the z coordinates are, except for the coordinate label,
the same as each other. Changing the x-component of a particle’s position has no effect on the y
and z components of the forces on any particle, and correspondingly for displacements of a bead in
the y or z directions. The equations of motion for the x, y, and z coordinates are thus completely
uncoupled. The equations of motion therefore partition into three sets of N coupled equations,
one set for each of the three coordinate axes. Because each set of equations is the same as the
others, except for the label on the coordinates, only one set of N equations needs to be solved.
The solutions for the other two sets of equations can be obtained by a change of the coordinate
label. The model is three-dimensional, not one-dimensional; beads move in all three coordinate
directions.
Equation 7 and the matching equations for beads 1 and N are a set of N coupled linear dif-
ferential equations whose coefficients are constants. The solutions are a set of N eigenmodes Qn
describing motions parallel to one of the three coordinate axes, each mode having a corresponding
eigenvalue qn. One mode has eigenvalue q0 = 0; that mode corresponds to uniform translation of
all beads in the x-direction. The other N − 1 modes decay exponentially (exp(−Γnt)) in time;
their relaxation rates Γn are
Γn =
8k sin2(npi/2N)
f
(8)
with n ∈ (1, N − 1) being the mode label.
The normal mode amplitudes Cxn(t) for the x-coordinate modes may be calculated from the
bead coordinates xi(t) via
Cxn(t) =
1
N
N∑
i=1
xi(t) cos
(
npi(i− 1/2)
N
)
. (9)
Entirely similar equations give the amplitudes Cyn and Czn of the y- and z-coordinate modes. The
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inverse equations give the xi in terms of the normal mode amplitudes as
xi(t) = Cx0(t) + 2
N−1∑
n=1
Cxn(t) cos
(
npi(i− 1/2)
N
)
. (10)
Totally similar equations describe the y and z modes. Standard mathematical techniques show
how the random forces Fxi(t) serve as source terms, driving the fluctuations in the Cxn(t).
There are three coordinate axes, so the relaxation rates Γn are three-fold degenerate. For each
n, the same relaxation rate applies to all three coordinate axes. The modes having degenerate
eigenvalues are orthogonal; their amplitudes fluctuate independently. The Rouse model thus has
three translational modes, each with eigenvalue zero, and 3N − 3 internal modes (’internal’ in
the sense that in each internal mode the beads move with respect to each other) having non-zero
eigenvalues.
On setting all but one of the Cxi to zero, eq. 10 gives the representation in bead position space
of the eigenvector corresponding to Cxi. The Rouse eigenvectors thus provide a set of 3N normal
coordinates that can replace the bead coordinates {xi, yi, zi} as a specification of the polymer’s
configuration. Eqs. 9 and 10 may be interpreted as a pair of discrete Fourier transforms, in which
i− 1/2 plays the role of the position coordinate, npi/N is the wave vector, and xi and Cxn are the
amplitudes of the function and its transform at i and n, respectively.
Rouse uses the Rouse modes to describe the behavior of a polymer coil in a shear flow. In
Rouse’s calculation, a shear flow exerts forces on the polymer. The polymer’s responses are
described by the Rouse modes The Rouse solutions therefore were taken by Rouse to be valid
descriptions of polymer motion when a shear flow is applied.
Polymer coils whose motions are described by Rouse’s model have one ill-recognized property:
They do not rotate. This property follows by comparison with a standard problem in classical
mechanics, namely the vibrational modes of an isolated molecule. In general, anN-atommolecule
has 3 translational modes with eigenvalue zero, 3 rotational modes with eigenvalue zero, and
3N − 6 internal vibrational modes. The internal modes are the modes that change the distances
between pairs of atoms. In translation and rotation the distances between the atoms remain fixed.
The Rouse problem only differs from the molecular vibration problem in that the Rouse equations
of motion are overdamped, so the Rouse amplitudes relax exponentially at some rate Γn rather than
oscillating at some frequency ωn. A polymer coil is therefore like a vibrating isolated molecule in
having a total of 3N modes. However, the 3N modes of the Rouse model include 3 translational
modes and 3N − 3 internal modes, for a total of 3N modes, leaving no modes available for
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rotational motion.
The statement that Rouse chains do not rotate is not new. Rouse specifies in his paper that
a polymer coil under shear does not rotate, namely (his paper, p. 1274, column 2) ”...since the
velocity of the liquid has a nonvanishing component only in the x direction, the components (y˙j)α
and (z˙j)α are zero.” (y˙j)α and (z˙j)α are the velocities of bead j in the y and z directions due to the
shear. One or the other of them must be non-zero if the chain is to be rotating. Rouse also argues
his paper (p. 1274, column 2, top) that ’...an atom at the junction between two submolecules...’
(springs) moves ’...with a velocity equal to that of the surrounding liquid...’ except for Brownian
motion, because, according to Rouse, otherwise there would be motion of the solvent relative to
the polymer chain, leading to energy dissipation. If the beads only move with the liquid, then they
can only be moving parallel to the x-axis.
We now consider the Kirkwood-Risemanmodel. While both models refer to a line of beads, the
Kirkwood-Riseman model is radically different from the Rouse model. The Kirkwood-Riseman
model is based on three fundamental assumptions. First, all distances between pairs of beads
are treated as being their statistico-mechanical average values; fluctuations and changes in these
distances are explicitly not included in the model. Second, the distribution of beads around the
chain center-of-mess is spherically symmetric. Third, the system is massively overdamped, so
that the inertia of the polymer coil is negligible. These three assumptions completely define the
chain dynamics, the description of how a Kirkwood-Riseman polymer chain moves in solution.
Kirkwood and Riseman recognized that a polymer coil has internal modes (”fluctuations”) so that
polymer beads actually do move with respect to each other, but these bead motions were specified
as being not included in their model.
The system is heavily overdamped, so its inertia is negligible. The total force on the chain must
therefore be zero. The moments of inertia of the chain are negligible. The total torque on the chain
must therefore also be zero. The chain satisfies these two zero conditions by adjusting its linear
velocity V and its angular velocity Ω until the total force and the total torque on the chain both
vanish.
Kirkwood and Riseman consider how a polymer coil moves in a shear field in which the fluid
velocity is
ui = u
(0)
i +Gyiiˆ, (11)
Here u
(0)
i is a possible uniform motion of the fluid, G is a constant linear shear gradient, yi is
the y-component of the vector location of bead i, and iˆ is the unit vector parallel to the x-axis.
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We do not follow Kirkwood’s notation closely. Kirkwood and Riseman included in their model
bead-bead hydrodynamic interactions as described by the Oseen tensor. We return to these internal
interactions below.
The Kirkwood-Riseman model describes a chain of N beads whose coordinates are
(R1,R2, . . .RN). Sequential bead positions form a highly restricted random walk. Each bead
is subject to a hydrodynamic force FiH exerted by the fluid. FiH is determined by the bead drag
coefficient f , the velocity vi of the bead, and the velocity ui that the fluid would have had, at the
location of bead i, if bead i were not there, via
FiH = f(ui − vi). (12)
FiH is the hydrodynamic force on the bead, not the total force. The total force on each bead,
including the forces due to links to adjoining beads, vanishes, so FiH in general is non-zero.
Correspondingly, the bead and solvent velocities are in general not equal to each other.
In the Kirkwood-Riseman model, the velocity of bead i is
vi = V +Ω× si. (13)
Here si is the vector from the chain center-of-mass to bead i, V is a linear velocity, the same for
each bead, and Ω is an angular rotation rate, the same for each bead. Internal modes neglected in
the model would add to the right hand side of this equation an additional term ξ˙i, the contribution
of the internal modes to the bead velocity; that term does not appear in the model.
Kirkwood and Riseman use the zero-total-force and zero-total-torque conditions to determine
V and Ω in terms of u
(0)
i and G, finding
V = u
(0)
i +GY0iˆ (14)
and
Ω = −
G
2
kˆ. (15)
Y0 is the y-coordinate of the polymer chain’s center of mass, and kˆ is the unit vector in the z-
direction. The model predicts viscous dissipation because the bead velocity vi and the solvent
velocity ui cannot be equal at every point. For example, for most beads vi but not ui will have a
non-zero y-component
The Kirkwood-Riseman dynamic model is completely specified by eqs. 13-15. In calculat-
ing the viscous dissipation, Kirkwood and Riseman include hydrodynamic interactions between
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the polymer beads. Hydrodynamic interactions do affect the polymer internal modes, which are
not a part of the Kirkwood-Riseman model, and do change the viscous dissipation created by the
polymer coil. However. these hydrodynamic interactions have no effect on the dynamic model
specified by eqs. 13-15. The dynamic model is not affected by intrachain hydrodynamic interac-
tions because bead-bead hydrodynamic interactions are internal forces, forces between different
beads on the same chain. The total force and the total torque exerted on a polymer chain by inter-
nal forces must both vanish, an outcome guaranteed by Newton’s Third Law of Motion. Adding
hydrodynamic interactions has no effect on the motions described by eqs. 13-15.
In applying the Oseen tensor to describe bead-bead hydrodynamic interactions, Kirkwood and
Riseman took the distance between each pair of beads to be the equilibrium average distance
between those two beads. Fluctuations in those interbead distances, and the time dependences of
those fluctuations, were not taken into account; i.e., Kirkwood and Riseman suppressed the time
dependences of the internal coordinates.
Considerably more could be said about the Kirkwood-Riseman and Rouse models for polymer
dynamics, but the above captures their descriptions of polymer motion. The lack of complete
consonance between the two models is apparent. In the Rouse model, polymer beads partake
of the polymer’s center-of-mass motion and of internal modes that change the relative positions
of the beads. Contrariwise, in the Kirkwood-Riseman model, beads partake of center-of-mass
displacement and whole-body rotation, neither of which change any of the distances between
pairs of beads.
III. COMPUTATIONAL
A Brownian dynamics simulation for a polymer in a shear field was implemented. The equa-
tions of motion resemble the Rouse equations of motion, but a shear field has been added. The
simulations reveal how a Rouse-like polymer coil moves in a rheological experiment, as envisioned
by Rouse and also by Kirkwood and Riseman.
For beads i ∈ (2, . . . , N − 1), we write these as
dRi
dt
= f−1(−k(2Ri −Ri−1 −Ri+1)) +Gyiiˆ+ Fi(t), (16)
iˆ being the unit vector in the x-direction. For beads 1 and N the equations of motion are
dR1
dt
= f−1(−k(R1 −R2)) +Gy1iˆ + F1(t), (17)
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and
dRN
dt
= f−1(−k(Ni −RN−1)) +GyN iˆ+ FN(t). (18)
These equations describe chain motion relative to the chain center. The shear force is directed in
the iˆ direction, and changes linearly with the distance in the y-direction from the chain center-of-
mass. The thermal forces Fi(t) were generated using standard methods as independent random
variables having Gaussian distributions. The bead displacements during a single time step ∆t are
∆tdRi
dt
. These are re-evaluated after each time step to compute the trajectory of each bead.
Multiple characteristic functions of chain behavior were determined. Most of these functions
were used as diagnostics to validate the core software. The radius of gyration and mean-square
radius of gyration were calculated. The mean-square center-of-mass displacement was found to be
linear in time, as expected. The second 〈xαxβ〉 and fourth 〈x
2
αx
2
β〉moments of the bead distribution
around the center of mass were calculated. Here α, β ∈ (1, 3) designate individual cartesian
components of the vectors from the chain center to each bead, the average being over all beads
and all times.
Distribution functions for the nearest-neighbor distance, the second-nearest-neighbor distance,
the magnitude of the end-to-end vector, the distance from the polymer center-of-mass to each bead,
and the distances between all pairs of beads were measured. The time autocorrelation functions
〈Re(0) ·Re(t)〉 and 〈Rˆe(0) · Rˆe(t)〉 of the chain end-to-end vector Re = RN −R1 and its unit
vector Rˆe = (RN −R1)/ | RN −R1) | were obtained.
Using eq. 9, we calculated the time-dependent Rouse amplitudes Cα,n(t) of the bead positions.
For an N-bead system there are 3(N − 1) such components, plus the three Cα,0 describing the
polymer center of mass position. We also calculated several time-dependent spatial Fourier com-
ponents
ak,α(t) =
N∑
i=1
cos(kriα(t)) (19)
of the bead locations. Here k is the wavenumber for the transformation and riα(t) is the α
th
Cartesian component of the location of bead i, relative to the chain center of mass, at time t.
Finally, we calculated time-dependent Haar-like[9] wavelet[10] components c(n, α, j)(t) and
d(n, α, j)(t) of the particle positions. In this calculation, n is the wavelet decomposition level, α
is again the Cartesian coordinate, and j labels the wavelet location along the polymer chain. The
maximum value of j depends on N . For a 2m bead polymer the upper limit on j is 2m−n with
m− n ≥ 0. The decomposition proceeds naturally if for some integerm there are 2m beads in the
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chain. The wavelet components are defined
c(1, α, j) = (rα,2∗j + rα,2∗j−1)/2
d(1, α, j) = (rα,2∗j − rα,2∗j−1)/2 (20)
for n = 1 and
c(n, α, j) = (c(n− 1, α, 2 ∗ j) + c(n− 1, α, 2 ∗ j − 1)/2 (21)
d(n, α, j) = (c(n− 1, α, 2 ∗ j)− c(n− 1, α, 2 ∗ j − 1))/2 (22)
for n > 1. The d(n, α, j) differ from the spatial Fourier components and the Rouse components in
that they are localized; they refer to the behavior of specific parts of the polymer coil. In contrast,
the ak,α(t) and the Cα,n(t) are both global variables, each depending on the relative positions of
all the beads in the chain.
For the aα,k(t), Cα,n(t), and d(n, α, j)(t) the temporal self correlation functions were evalu-
ated. For the aα,k(t) and Cα,n(t), we also calculated the temporal cross-correlation functions, e.g.,
〈Cα,n(t)Cβ,m(t)〉 for α 6= β and/orm 6= n. There are 3(N−1) Rouse internal modes and therefore
9(N − 1)2 Rouse-Rouse self and cross-correlation functions. In Rouse’s original model, if either
α 6= β orm 6= n or both, the temporal crosscorrelation function vanishes.
How does one show that an object is performing whole-body rotation? For a fluid velocity
in the x direction, with a non-zero velocity shear gradient dvx/dy, the induced angular velocity
should on the average be parallel to the z-axis. A simple test is advanced. If the beads are each
taken to be performing circular motion, the instantaneous angular rotation can be written
N∑
i=1
Ri × vi =
N∑
i=1
Ri × (ω ×Ri) (23)
The z component of L is kˆ ·L. Applying standard identities one obtains for the rotational velocity
ω = ωzkˆ around the z-axis
ωz
N∑
i=1
(〈(xi)
2〉+ 〈(yi)
2〉) =
〈
N∑
i=1
xi
dyi
dt
−
N∑
i=1
yi
dxi
dt
〉
. (24)
Corresponding forms describe rotation around the x and y axes. The velocities are related to
the bead displacements during a single time step ∆t, namely bead i’s displacements are ∆xi =
∆t dxi/dt,∆yi = ∆t dyi/dt, and ∆zi = ∆t dzi/dt, so in evaluating the right-hand-side of eq. 24
we replace the velocities with the single-step displacements.
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For whole-body rotation the two terms on the right-hand-side of eq. 24 are equal by symmetry.
In the absence of rotation, the first sum on the right hand side of the equation will average to
zero. A polymer chain is not a solid object that performs rigid-body motion, so ω should not be
overinterpreted. Sablic, et al.[11] discuss rotation in terms of Eckart frames, and note alternative
definitions of rotation rates and their physical implications.
Simulations were made for 8 and 16 bead chains at shear rates G ∈ (0, 0.15); we treat here
outcomes from 16 bead chains. In the simulations, we chose k = 1, f = 1, nominal temperature
kBT = 1, a basic time step∆t = 0.001, a unit diffusion step to be ∆r = (2kBT∆T/f)
1/2, with a
unit force kri,i+1 giving a displacement ∆t/f . The characteristic functions were computed every
ten time steps. A simulation with ∆t = 0.0003 gave very nearly the same results as a simulation
using the longer time step.
Calculations were performed on an 8-core 3.4 Ghz CPU and an Nvidia Tesla K-40 GPU using
locally written software run under Simply Fortran 2 and PGI Fortran. Our code and necessary
files are found on ResearchGate.com[12]. In production runs, polymer positions were advanced
through 1 · 108 time steps. Prior to each production run, a 1 · 107 or longer timestep thermalization
run was performed.
IV. RESULTS
We first consider the effect of shear on the polymer coil’s shape. As shown by Figure 1, our
results include both a small-shear region, in which the polymer coil is not distorted significantly,
and a large-shear region, in which the polymer coil on the average is distorted by the shear. Figure
1 plots the second moments 〈x2i 〉, 〈y
2
i 〉, and 〈xiyi〉 against shear rate. At zero shear, 〈x
2
i 〉 = 〈y
2
i 〉.
With increasing shear, the polymer is stretched in the x direction, but not in the y or (not shown) z
directions, so that 〈x2i 〉 > 〈y
2
i 〉. The shear field creates a non-zero 〈xiyi〉 correlation that increases
nearly linearly with shear rate G. However, a shear dvx/dy has no effect on bead displacement in
the z direction, so 〈yizi〉 and 〈xizi〉 remain equal to zero regardless of the shear rate.
We now examine the most fundamental question. Do simulated chains rotate when placed in a
shear field? Eq. 24 supplies the test. When the shear rate is greater than zero, the right-hand-side
of eq. 24 is non-zero. The polymer chair rotates around the z-axis. We also evaluated the analogs
of eq. 24 for rotation around the x and y axes. Our shear field creates no rotation around the x or
y axes, to within the accuracy of the simulation. For G > 0, rotation in the x− y plane should be
12
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FIG. 1: Effect of the shear rate G on the polymer coil shape, from the equal-time correlation functions
〈(xi)
2〉 (open circles), 〈(yi)
2〉 (crosses), and 〈xiyi〉 (filled circles).
clockwise, i.e., ω < 0, as is found.
Is the motion actually rotational? For circular motion, the two terms on the right-hand-side of
eq. 24 should average to the same value. Figure 2 shows that they do. We find〈
N∑
i=1
xi
dyi
dt
〉
= −
〈
N∑
i=1
yi
dxi
dt
〉
. (25)
Rouse predicts that the left hand side of eq. 25 vanishes; it does not vanish.
The nominal angular motion L
L =
〈
N∑
i=1
xi
dyi
dt
〉
−
〈
N∑
i=1
yi
dxi
dt
〉
. (26)
Figure 3 givesL and the rotation rate ωz (eq. 24), as functions of the applied shearG. L is precisely
linear inG up to the largestG that we examined, as predicted by Kirkwood and Riseman. Because
the polymer coil distorts when a shear is applied, L and ωz are not simply linearly proportional to
each other.
We now go beyond Kirkwood and Riseman, and beyond Rouse. Kirkwood and Riseman par-
titioned chain motions in shear into uniform translation, whole-body rotation, and residual con-
tributions of internal modes. They ignored internal modes. Rouse implicitly assumed that mode
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FIG. 2: The
∑N
i=1 xi dyi/dt (◦) and
∑N
i=1 yi dxi/dt (×) contributions to L as determined at various shear
rates G. As shown in eq. 25, for rotational motion the two terms should be equal, as seen here to good
approximation.
relaxations are not perturbed by an applied shear. Here we ask whether an applied shear actually
affects the internal modes, as represented by the Rouse amplitudes Cnα(t) and their relaxation
rates Γnα. Rouse’s solutions indicate
〈Cnα(0)Cmβ(t)〉 = δmnδαβ〈(Cnα(0))
2〉 exp(−Γnαt) (27)
According to Rouse’s analysis: The fluctuating amplitudes Cnα(t) are uncorrelated. Modes with
different n fluctuate independently of each other. Modes with the same n, but corresponding to
different directions (different α), also fluctuate independently. The temporal correlation function
for each mode decays exponentially in time.
We first consider the autocorrelation functions 〈Cnα(0)Cnα(t)〉. We obtained the Γnα and
〈(Cnx(0))
2〉 as functions of the shear rate by fitting an early-time segment of each 〈Cnx(0)Cnα(t)〉
to a single exponential. Figure 4a shows the decay rates Γnx as functions of the shear rate. Open
circles mark the n = 1mode. Figure 4b shows the corresponding mean-square average amplitudes
〈(Cnx(0))
2〉.
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FIG. 3: Nominal angular motion |L| (eq. 26) and angular rotation rate |ωz| (eq. 24) for the 16-bead chain,
as induced by the applied shear.
For some modes, the decay rates and initial amplitudes are significantly shear-sensitive. For
n = 3 and 2, and much more markedly for n = 1, the mode relaxation rates Γnx decrease with
increasing shear rate, while the corresponding mode amplitudes 〈(Cnx(0))
2〉 increase with increas-
ing shear rate. For n > 3, Γnx and 〈(Cnx(0))
2〉 are very nearly independent of shear rate. The
relaxation rates and amplitudes for the y and z components of the Rouse modes are independent of
the shear rate. We did not explore the dependence of this result on chain length. These non-trivial
dependences of the mode amplitudes and relaxation rates on shear rate are contrary to Rouse’s
picture, in which the Γnx and 〈(Cnx(0))
2〉 are not affected by solvent shear.
When shear is applied, some Rouse modes become cross-correlated. Figure 5 shows the xy
cross-correlations 〈Cnx(0)Cny(t)〉. These cross-correlation functions vanish in the Rouse model.
They are not zero in our simulations. The corresponding yz and zx crosscorrelation functions (not
shown) do vanish no matter whether or not shear is applied, as do all crosscorrelation functions
〈Cnα(0)Cmβ(t)〉 with n 6= m. The cross-correlation functions are not exponentials; they first
increase and then fall off rapidly.
The time dependences of the 〈Cnx(0)Cny(t)〉 are qualitatively only little affected by the shear
rate, but the initial amplitudes 〈Cnx(0)Cny(0)〉 depend strongly on G. Figure 6 shows this depen-
dence. To reasonable approximation the initial amplitudes of the cross-correlation functions are
15
0 0.04 0.08 0.12
G
10
-4
10
-3
10
-2
n
x
a
0 0.04 0.08 0.12
G
0.01
0.1
1
10
<
(C
n
x
(0
))
2
>
b
FIG. 4: Effect of shear rate G on the Rouse-Rouse time correlation functions 〈Cnx(0)Cnx(t)〉, showing the
dependences of (a) Γnx and (b)〈(Cnx(0))
2〉 on G. The open circles denote the n = 1 mode, the n = 2
to n = 7 modes moving seriatim away from the n = 1 mode’s behavior. Γ1x depends on G down to the
smallest non-zero G that we studied.
linear in the shear rate G.
The x-y correlations are clearly driven by rotation. Rotational motion around the z-axis will
pump amplitude directly from Cnx into the corresponding Cny, as may be seen by considering
the rotation of a perfectly rigid body. Whatever the amplitude Cnx was at time 0, at the moment
the body has rotated through 90 degrees the component Cny is exactly equal in magnitude to the
initial componentCnx. If theCnx andCny were initially uncorrelated, rotation will cause the cross-
correlation functions 〈Cnx(0)Cny(t)〉 to increase with increasing time. Indeed, a close examination
of the cross-correlation functions in Figure 5 suggests the presence of such an increase at longer
times.
Figure 7 shows representative measurements of two sets of collective coordinates that could be
used as alternatives to Rouse coordinates. It is not claimed that either of these sets is necessarily
the best possible choice for a set of collective coordinates, but only that there are alternatives to
Rouse’s coordinates that may be worth examining. The polymer coil had 16 beads; the shear rate
was 0.03. The spatial Fourier components do not decay as simple exponentials, in that they de-
cay too slowly at longer times, but there is no sign in them of multimodal behavior. The wavelet
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FIG. 5: The Rouse-Rouse cross correlation functions 〈Cnx(0)Cny(t)〉 for a polymer coil in shear with (a)
G = 0.005 and (b) G = 0.150. Open circles mark n = 1; crosses are (a) n = 6 and (b) n = 5. Note the
large change in the vertical scale between these two figures.
0.01 0.10.03
G
10
-4
10
-3
10
-2
10
-1
10
0
<
C
n
x
(0
) 
C
n
y
(0
)>
FIG. 6: The initial amplitudes 〈Cnx(0)Cny(0)〉 of the Rouse-Rouse cross correlation functions as functions
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FIG. 7: Temporal autocorrelation functions for (a) several spatial fourier components of the bead positions,
and (b) a Haar-like wavelet decomposition of the particle positions. These representative results refer to a
16-bead chain and G = 0.03. The wavelet components are d(1, x, 1) (), d(1, x, 2) (◦), d(1, x, 3) (△),
d(1, x, 4) (▽), d(2, x, 1) (+), d(2, x, 2) (×), and d(3, x, 1) (•).
decompositions provide measurements of true localized motions, showing that even in this ex-
tremely simple model for polymer dynamics there is room for local differentiation of structural
relaxation. We show here only the components corresponding to one-half of the full chain; the
corresponding components for the other half of the chain show exactly the same set of behaviors.
In considering the series d(1, x, j) (open symbols) for j ∈ (1, 4), d(1, x, 1), which relaxes the
most rapidly, corresponds to the motions of the outer pair of beads. The d(1, x, j) for j > 2 have
clearly bimodal relaxations, speaking to more complex chain dynamics nearer to the center of the
polymer. The d(2, x, j) emphasize the differences between inner and outer beads of the polymer.
d(2, x, 1),which corresponds to the outer four beads of the polymer, has a non-exponential but
unimodal relaxation; d(2, x, 2), describing the four beads nearest the chain center, shows a visibly
bimodal relaxation.
18
V. DISCUSSION
This paper describes a simulational study of the motions of a polymer in a shear field. Compar-
ison was made with the Kirkwood-Riseman and Rouse treatments of the dynamics of an isolated
polymer chain. We show that the Kirkwood-Riseman model of polymer dynamics, in which a
polymer coil translates and rotates when subject to the influence of a shear, is qualitatively correct.
The Rouse model, in which polymer coils do not rotate during viscometric studies, is incorrect as
applied to the viscosity increment of a polymer in solution. We note several alternatives to Rouse
coordinates that could in principle serve as descriptions of polymer internal motions.
It is certainly legitimate to ask how the issues raised here were not already noticed. It is not
suggested here that there were past errors. Several contributory factors are readily identified. First,
while there are multiple excellent presentations of the Rouse-Zimm model, e.g., refs. 10 and 11,
equivalent presentations of the Kirkwood-Riseman model more recent than their original paper are
far less common, so there is little familiarity with the Kirkwood-Riseman model. Second, in the
absence of shear, the two models converge; computer simulations of polymer coils in unsheared
liquids cannot readily detect the disagreement between the models. Third, in order to identify
our issues, one would have needed to analyse a chain trajectory with the correct diagnostic, e.g.,
eq. 25, but in the context of the Rouse-Zimm model there is no rational reason to develop such a
diagnostic. As a result, in aopst studies many fine questions have been asked about the nature of
polymer dynamics, but not the questions answered here.
Larson and co-workers[13, 14] provide considerable evidence that potential energies more pre-
cise than Rouse’s potential can cause a chain’s dynamics to deviate from simple Rouse behav-
ior. Jain and Larson[13] made Brownian dynamics simulations of a string of polymer beads to
which stiff springs, bond-angle, and bond-torsion-angle forces were added seriatim. They cal-
culated the time autocorrelation functions for the polymer end-to-end vector and the connector
unit-vector autocorrelation functions, the latter being averaged over all springs in the chain. Dalal
and Larson[14] extended these results, showing that adding side groups, chain excluded-volume
effects, and explicit treatment of solvent molecules jointly lead to the experimentally-observed
single-exponential relaxation for short chains. They also note what they viewed as an interesting
coincidence, namely that the relaxation times for the orientation of the chain end-to-end vector
and the single-spring orientation vectors are very nearly the same.
The difficulty with the Rouse model is apparent on comparing eqs. 4-6 with eqs. 16-18. The
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second set of equations include a solvent shear force Gyiiˆ on each bead. That force is absent
from the first set of equations, the equations solved by Rouse. Rouse calculated how a bead-
spring polymer coil would evolve in time in a quiescent fluid. In a quiescent fluid, the polymer
coil by symmetry has no tendency to rotate. When a fluid shear field Gyiiˆ is included in the
calculation, the forces on the beads are changed. The motions of the beads therefore also change,
and are no longer the motions described by Rouse. The Rouse model thus does not describe
polymer dynamics during a rheological experiment.However, in his original paper, Rouse uses his
quiescent-fluid solutions to calculate dissipation and hence viscosity increment for a polymer in a
shear flow, as though his solutions were applicable under these conditions.
The above has focused on a polymer coil in an imposed macroscopic shear field, as encountered
in viscoelastic measurements. However, the fluctuation-dissipation theorem gives us two other
circumstances in which polymer coils find themselves in shear fields:
First, consider a polymer coil performing Brownian motion. The fluctuation-dissipation theo-
rem indicates that if the chain diffuses through some distance in a given time, the chain motions
will have correlated fluid motions, exactly as if the chain’s motion were being created by an im-
posed external force. That fluid motion, the wake created in the solvent by the polymer, acts on
other polymer coils, causing them to move in turn. Because the fluid flow is not the same every-
where, those other polymer coils are subject to a fluid shear field which causes them to translate,
rotate, and create fresh flow fields in the surrounding solvent. This image of flow fields being
scattered and re-scattered by diffusing macromolecules forms the core of modern theoretical treat-
ments of the diffusion of interacting spherical colloidal particles[15], these theoretical treatments
giving reasonably accurate quantitative predictions for colloidal behavior. It should therefore not
be surprising that the same general approach is valid for interacting polymer coils in solution. That
is, via the fluctuation-dissipation theorem we can extend the Kirkwood-Riseman model from treat-
ing a single isolated polymer molecule to treat the hydrodynamic interactions between polymer
molecules. Indeed, there is a substantial development of polymer dynamics in non-dilute solutions
based on computing the hydrodynamic interactions between polymer coils[16–24].
Second, consider a polymer coil in a quiescent fluid. On the average, there is no tendency for the
molecule to rotate in any direction. However, the fluctuating thermal forces on the polymer beads
create evanescent fluctuating torques on the molecule as a whole, causing the polymer end-to-end
vector to perform rotational diffusion, so that its later positions gradually become decorrelated
from its earlier positions. The end-to-end vector is a sum of the individual bead-to-bead vectors,
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so there is a component of each bead-to-bead vector that is correlated with the chain end-to-end
vector. The bead-to-bead vectors can only become completely uncorrelated on the time scale on
which the chain end-to-end vector relaxes. The result of whole-chain rotational diffusion is that
the spring unit-vector correlation functions will in part relax on the time scale on which the chain
end-to-end vector relaxes, precisely as found by Dalal and Larson[14].
Rouse modes and the Rouse model are used in an extremely large number of different contexts.
I have not here generated a full list of contexts the Rouse model is inappropriate, though clearly
any theoretical problem in which a polymer chain is placed in a shear field must be on that list.
Nor have I considered here any extensions to the Kirkwood-Riseman model.
[1] Kirkwood, J. G.; Riseman, J. The Intrinsic Viscosities and Diffusion Coefficients of Flexible
Molecules in Solution. J. Chem. Phys. 1948, 16, 565-573.
[2] Rouse, P. E. A Theory of the Linear Viscoelastic Properties of Dilute Solutions of Coiling Polymers.
J. Chem. Phys. 1953, 21, 1272-1280.
[3] Zimm, B. H. Dynamics of Polymer Molecules in Dilute Solution: Viscoelasticity, Flow Birefringence,
and Dielectric Loss. J. Chem. Phys. 1956, 24, 269-278.
[4] Tsalikis, D. G.; Koukoulas, T.; Mavrantzas, V. G.; Pasquino, R.; Vlassapoulos, D.; Pyckhout-Hintzen,
W.; Wischnewski, A.; Monkenbusch, M.; Richter, D. Microscopic Structure, Conformation, and
Dynamics of Ring and Linear Poly(ethylene oxide) from Detailed Atomistic Molecular Dynamics
Simulations: Dependence on Chain Length and Direct Comparison with Experimental Data. Macro-
molecules 2017, 50, 2565-2584.
[5] Perez-Aparicio, R.; Alvarez, F.; Arbe, A.; Willner, L.; Richter, D.; Falus, P.; Colmenero, J. Chain
Dynamics of Unentangled Poly(ethylene-alt-propylene) Melts by Means of Neutron Scattering and
Fully Atomistic Molecular Dynamics Simulations. Macromolecules 2011, 44, 3129-3139.
[6] Kalathi, J. T.; Kumar, S. K.; Rubinstein, M.; Grest, G. S. Rouse Mode Analysis of Chain Relaxation
in Homopolymer Melts. Macromolecules 2014, 47, 6925-6931.
[7] Doi, M.; Edwards, S. F. The Theory of Polymer Dynamics. Oxford University Press: Oxford (1986).
[8] Padding, J. T. Theory of Polymer Dynamics. Advanced Courses in Macroscopic Physical Chem-
istry. (Han-sur-lesse winterschool 2005) https://www.scribd.com/document/181367522 /THEORY-
OF-POLYMER-DYNAMICS-Paddings.
21
[9] Haar, A. Zur Theorie der orthogonalen Funktionensysteme. Mathematische Annalen 1910, 69,
331371.
[10] Daubechies, I. Ten Lectures on Wavelets. CBMS-NSF Regional Conf. Ser. Appl. Math., Soc. Indust.
Appl. Math., Philadelphia (1992).
[11] Sablic, J.; Delgado-Buscalioi, R.; Praprotnick, M. Application of the Eckart Frame to Soft
Matter: Rotation of Star Polymers under Shear Flow. Cornell University Library arxiv.org
arXiv:1707.09170v1[cond-mat.soft].
[12] www.researchgate.net/publication/320988644
[13] Jain, S.; Larson, R. G. Effects of Bending and Torsional Potentials on High-Frequency Viscoelasticity
of Dilute Polymer Solutions. Macromolecules 2008, 41, 3692-3700.
[14] Dalal, I. S.; Larson, R. G. Explaining the Absence of High-Frequency Viscoelastic Relaxation modes
of Polymers in Dilute Solution. Macromolecules 2013, 46, 1981-1992.
[15] Phillies, G. D. J. Diffusion in Crowded Solutions. Advances in Chemical Physics 2016, 48, 277-358.
[16] Phillies, G. D. J. The Hydrodynamic Scaling Model for the Dynamics of Non-Dilute Polymer Solu-
tions: A Comprehensive Review. Cornell University Library http://arxiv.org arxiv.org/abs/1606.09302
2016.
[17] Phillies, G. D. J. Quantitative Prediction of α in the Scaling Law for Self-Diffusion. Macromolecules
1988, 21, 3101-3106.
[18] Phillies, G. D. J.; Kirkitelos, P. C. Higher-Order Hydrodynamic Interactions in the Calculation of
Polymer Transport Properties. J. Polymer Sci. B: Polymer Physics 1993, 31, 1785-1797.
[19] Phillies, G. D. J.; Lacroix, M.; Yambert, J. Probe Diffusion in Sodium Polystyrene Sulfonate - Water:
Experimental Determination of Sphere-Chain Binary Hydrodynamic Interactions. J. Phys. Chem. B
1997, 101, 5124-5130.
[20] Phillies, G. D. J. Derivation of the Universal Scaling Equation of the Hydrodynamic Scaling Model
via Renormalization Group Analysis. Macromolecules 1998, 31, 2317-2327.
[21] Phillies, G. D. J. Low-Shear Viscosity of Non-Dilute Polymer Solutions from a Generalized
Kirkwood-Riseman Model. J. Chem. Phys. 2002, 116, 5857-5866.
[22] Phillies, G. D. J. Viscosity of Hard Sphere Suspensions. J. Colloid Interface Sci. 2002, 248, 528-529.
[23] Phillies, G. D. J. Self-Consistency of Hydrodynamic Models for the Low-Shear Viscosity and the
Self-Diffusion Coefficient. Macromolecules 2002, 35, 7414-7418.
[24] Merriam, S. C.; Phillies, G. D. J. Fourth-Order Hydrodynamic Contribution to the Polymer Self-
22
Diffusion Coefficient. J. Polymer Sci. B Polymer Physics 2004, 42, 1663-1670.
23
